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Dusty Hypersonic Flows

RonaLp F. ProBsTEIN* AND FrANCO FAssiot
Massachuselts Institute of Technology, Cambridge, Mass.

A study of the motions of solid particles in a dusty gas in the inviscid hypersonic shock
layers of slender wedges and cones and the stagnation regions of cylinders and spheres is car-
ried out. Particles of uniform size and with a size distribution are considered. Analytic drag
laws for the particles are used for the cases of low, intermediate, and high particle Reynolds
numbers. For a uniform particle size cloud the collection efficiency is shown to be expressible
in terms of a single parameter embodying the particle characteristics, shock strength, and
wedge or cone angle. In the case of the stagnation region solutions there is a corresponding
similarity law but it is shown not to depend on the explicit form of the drag law or whether
the flow is plane or axisymmetric. Itis shown that when the appropriate similarity parameter
is around one the collection efficiency rises rapidly from zero to one, with the rise almost dis-
continuous in the stagnation region cases. With a particle size distribution there is found to
be very little deviation from the uniform size results at high Reynolds number and only small
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departures for other Reynolds number ranges.
Nomenclature

a; = constants in analytic drag law, Eq. (2.3)

Cp = particle drag coeflicient, Eq. (2.2)

E = collection efficiency

E = mean collection efficiency with size distribution, Eq.
(8.2)

fwn(r) = particle size distribution funection, Eq. (8.1a)

K; = particle relaxation parameters, Eq. (3.6)

L = reference length; base half-width for wedge or cone,
body radius for eylinder or sphere

M = Mach number

n; = exponents in analytic drag law, Eq. (2.3)

q = ¢ /e

q' = relative speed between gas and particle, Eq. (3.3)

r = radius of spherical particle

7o = particle radius for which size distribution is maximum

or = step size

(Ar/r)? = mean square deviation

Ry = body radius, cylinder or sphere

R; = parameters in cone flow, Eq. (5.8)

Re = particle Reynolds number, ¢'2r/»

Rey, = body Reynolds number, u,.L/»

t = t'ueo/L

t/ = time

Ueo = freestream velocity

u = U /Ue

u’ = fluid velocity

u = reduced fluid velocity components in z and y direc-
tions, respectively, ©' /e, v/ /Ue

U = U /tte

U’ = particle velocity

u,v = reduced particle velocity components in x and y direc-
tions, respectively, U'/tw, V'/to

x,y = reduced coordinates along and normal to body sur-
face, z' /L, y'/L

Ts,Ys reduced shock coordinates

reduced shock coordinate for which particle passing
through this point strikes rear edge of body or
“end” of stagnation region
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Bs = particle similitude parameters, Egs. (6.1-6.3, and
7.18)

Ay, = shock stand-off distance; m = 1 cylinder, m = 2
sphere .

A = Aln/Ry

e = density ratio across shock wave, p,/p

" = transformed normal coordinate, cone flow

/3 = 6, Or O,

6. = cone half-angle

B = shock half-angle

[/ = wedge half-angle

& = polar angle, Fig. 7

u = viscosity behind shock

v = kinematic viscosity, u/p

£ = T/%s

o = density behind shock

op = particle density

Subscripts

7 = 1low, = 2 intermediate, = 3 high Reynolds number
range

max = “end” of stagnation region

0 = velocity component ahead of shock

® = freestream conditions

Superscripts

! = dimensional quantities

m = 1 two-dimensional case, = 2 axisymmetric case

I. Imtroduction

OR vehicles flying in the atmosphere it is important to
know, when they enter a dust or rain cloud, the particle
trajectories relative to the surface. A quantity of particular
interest is the “collection efficiency,” E, defined as the ratio
of the number of particles which strike the body to the num-
ber of particles which could strike it if their trajectories were
straight and unaltered by the vehicle flowfield. A knowledge
of the value of E for subsonic aireraft flying through rain
clouds is of interest for the determination of the rate of ice
deposition on the aircraft and engine surfaces.! It is also of
importance to know what the collection efficiency is for ve-
hicles flying hypersonically through the atmosphere because
of the high impact energy of any particles striking the surface.
The interaction of small high-energy particles with the vehicle
could result in spalling or ablation. The present paper is con-
cerned with the hypersonic flow problem.
Aerosol data for the atmosphere? indicate that in the upper
part of the atmosphere (above about 30,000 ft), the “dust”
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environment is associated primarily with SOs,~ and NH,*
ions. The particle radii are generally less than 1u with their
density on the order of 2 X 1072 pg/m3. Rain clouds are
present up to about 30,000 ft, usually in cumulonimbus form
and their maximum water content is generally on the order
of 10 g/m3 Droplet radii range typically from 2 to 30u
although larger particle sizes are found. Hail is of little im-
portance, even though it has been observed at altitudes up
to 44,000 ft, primarily because its formation is rather rare.
Of course, a vehicle could fly through rain where the particle
sizes are considerably larger or through a man-made dust
cloud environment which might result from intense explo-
sions near the Earth’s surface.

Theoretical and experimental work?® indicate that particle-
particle interactions must be taken into account when the void
fraction in a gas-solid mixture, defined as the ratio of the gas
volume to the mixture volume, is less than about 0.95-0.92.
For spherical particles a void fraction of 0.92 corresponds to
an interparticle spacing of about two diameters. From the

atmospheric data given it follows that the particle densities’

are low enough, even in hypersonic shock layers, that par-
ticle-particle interactions which could increase the drag
coefficients may be neglected.

In the analysis which follows the dust and rain particles
will be treated as solid. In the case of the rain droplets this
assumes that the time for evaporation of the rain droplet is
large compared with the flow time and further that droplet
breakup due to passage through the shock is neglected. Both
evaporation and breakup will tend to decrease the particle
size so that when considering rain clouds we may expect a
collection efficiency somewhat lower than that calculated on
the above assumption. The particles themselves will be taken
as spherical with the drag coefficients on the particles corre-
sponding to low, intermediate and high Reynolds number
continuum flow conditions. In addition, heat-transfer effects,
which are small in the present problem, will be neglected.
Finally, the mass rate of flow of the particles is taken to be
small in comparison with the mass rate of flow of the gas so
that the particles themselves do not affect the inviscid gas
motion.%5 This condition is always satisfied for atmospheric
conditions.

II. Particle Drag Coefficients

In Fig. 1 is shown the standard drag coefficient curve for a
single smooth sphere in steady incompressible flow.? We are
concerned with the low-speed drag curve since the appropriate
velocity is the relative velocity between the gas and the par-
ticles, which is subsonic for the problem considered. Here,
the drag coefficient Cp is based on the projected area of the
particles and the Reynolds number is defined by

Re = ¢'2r/v (2.1)
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Fig.1 Standard drag curve for a sphere.
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Fig. 2 Drag coeflicient for a sphere.

where ¢’ is taken to be the relative velocity, 2r the sphere
diameter, and » the kinematic viscosity.

For purposes of analysis it is convenient to represent the
drag coefficient curves of Fig. 1 analytically in the forms®

Cp = a:Re™™ (2.2)

Here ¢ = 1, 2, 3 refers to the low, intermediate, and high
Reynolds number ranges, respectively, i.e.,

Re<l, am= 24,m=1 (2.3a)
1 < Re < 103, As = 24:, N9 = % (23b)
Re> 10% a3 =044,n3 =0 (2.3¢)

The values of a; and a; are empirically matched constants, the
values of which can be changed without in any way altering
the analysis or results which follow (though this is not quite
true for n, and n3). For example, a somewhat different value
might represent more accurately the drag coefficient in a par-
ticular Reynolds number range of interest. Thus, in Ref. 6,
as is taken equal to 18.5. We have here set as = 0.44 for
consistency with the value adopted in the two phase flow
literature for the so-called ‘“Newton’s law region.” 3¢ Hgs.
(2.2) and (2.3) are superposed on the drag curve of Fig. 1.

In the present analysis we shall assume that the drag
force exerted on a particle along its trajectory corresponds to
only one of the three regimes defined by Egs. (2.3). For low
values of the collection efficiency, when the particle path is
long, the particle Reynolds number can decrease from very
high values to values below one, so that the assumption of an
unchanged drag coefficient law is not valid. In such a case
the collection efficiency would be lower than that given, say,
by the Cp constant or intermediate law results. However,
since this behavior is likely to take place at low values of the
collection efficiency the basic over-all results probably should
not be greatly affected.

Some differences appear to exist in the literature concern-
ing the appropriate drag coefficient on particles in a dusty
gas, with the differences aseribed to the ‘“‘unsteady’ nature
of the flow and electrostatic charge effects. In Fig. 2 are
plotted some results for the so-called “‘unsteady drag coeffi-
cient”” of a sphere. Ingebo’ studied the accelerated motion
of particles in subsonic flow and found the drag coefficient
to be the same for both evaporating and nonevaporating par-
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Fig.3 Dusty flow on a wedge or cone.

ticles but found the drag to be less than in the “steady case.”
Rudinger® and Gorjup? studied the motion of particles ac-
celerated by a shock wave in a shock tube and found the
drag coeflicient to be larger than in the steady case. Rudinger
indicated that these results might be explained in terms of
electrostatic charges on the particles while Gorjup explained
the higher drag coefficients in terms of unsteadiness of the
motion.

Recently Selberg and Nicholls®® pointed out that the higher
drag coeflicients which they obtained in a set of experiments,
similar to those of Rudinger and Gorjup, was due to the
roughness of the surface of the particles and not to the un-
steadiness of the motion, which was shown to have only a
negligible effect on the drag coefficient for the conditions of
the tests. It should be pointed out that the test conditions
of Selberg and Nicholls were similar to those of Refs. 8 and 9.
It was also shown in Ref. 10 that even for a particle Mach
number less than 0.3, there was a dependence of Cp on the
Mach number, with the drag coefficient increasing with in-
creasing Mach number. It would therefore appear that the
experiments of Rudinger and Gorjup can be explained in
terms of the roughness of the particles and the effect of com-
pressibility rather than any unsteadiness of the flow.

To clarify the statements, we note that roughness can
provoke a local separation or the boundary layer in the
region of accelerating flow past a sphere, with a consequent
increase in Cp, if the dimension of the roughness is of the
order of or greater than the boundary layer thickness. The
HP 295 ball powder particles, used in the Selberg and Nicholls
tests, which gave the highest values of Cp, compared with
the less rough glass beads and sapphire balls, can have a de-
viation from a spherical form which can be as much as £+ of
the radius of the particle, a value much greater than any
characteristic boundary layer thickness. It follows that local
separation due to the roughness can take place near the stag-
nation point, with the result that there will be a sharp increase
in the drag coefficient compared to the case where the flow
remains attached.

No data are available for the experiments of Rudinger to
check the effect of the particle Mach number. However, the
experiments of Gorjup were run for the Mach number range
0.51 < M < 0.69 (50 < Re < 1000). By using the (Cp, Re)
curve for M = 0.6 in Ref. 11 and extrapolating it for Re less
than 200, we obtain the drag coefficient curve shown in Fig. 2.
This curve is seen to fairly well approximate the results of
Gorjup, obtained for the experiments using smooth glass
beads.

In Ingebo’s experiments, which were made at flow velocities
from 100 to 180 fps, the Mach number is of no importance,
and the lower values of Cp may be explained in terms of the
furbulence of the flow. In those tests the flow Reynolds
numbers in the test pipe were in the range of 4 to 7 X 10°
50 that the stream was probably turbulent, particularly since
the flow circuit was curved. If we consider the flow to be
turbulent, then the results of Ingebo agree with those of
other experimenters who used turbulent streams and got
lower drag coefficients than in the laminar case, because
separation over the particles is delayed with a resultant de-
crease in the form drag.
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ITI. Equation of Motion for Particle

Based on the assumptions already noted the equation of
motion for a single particle is written simply as a balance be-
tween the inertial force and drag on the particle. The drag
coefficient expressions given by Eq. (2.2) are used, with the
appropriate value of Cp depending on the Reynolds number
range of interest. In the present analysis we shall restrict
our considerations to the cases of plane and axisymmetric
flow.

The basic equation of motion for all of the Reynolds num-
ber ranges may be written

gmrip,(dU’/dt’) = 3Coprrig’(u’ — T’) 3.1
with p, the particle density. Here U’ is the particle velocity
U’ = dx'/dt’ (3.2)

and u’ the gas velocity. The primes are here used to denote
dimensional variables. The relative speed between the gas
and the particle is given by

¢ = [(@-U)-@ —U)I" 3.3)

We next write the equation of motion Eq. (3.1) for the three
Reynolds number ranges considered, having first reduced it
to dimensionless form by introducing the following reduced
variables

U=U /Uyt = U/ U0yq = ¢ /Uy X = X'/L, t = t'ue,/u
(3.4)

where L is a characteristic reference length and u., the flow
velocity at upstream infinity. Using Eq. (2.2) we obtain

K (dU/dt) = qt—(u — U) (3.5)
Here, the relaxation parameters K; are given by
Ki = (2%%n/3a:)(po/p) (r/L)**"ilerr: (3.6)

where a; and n; are the analytic drag relation constants de-
fined by Egs. (2.3). Itis apparent from Eq. (3.6) why the
absolute value of a; does not affect the form of the solution.
The Reynolds number Rey, is based on the density p and vis-
cosity u behind the shock

Rer, = pLuo/u 3.7

The parameters K; measure the ability of the particle to
adjust to the local gas velocity.14® The condition K; <« 1
corresponds to the particle equilibrating rapidly to the gas
velocity, K; >> 1 to the particle taking a long time to equili-
brate to the gas motion, and K; ~ 0(1) to the particle being
influenced by the whole history of the motion.

IV. The Wedge

In hypersonic flow the approximation that the flow is at a
constant density is a useful one for many aerodynamic shapes,
and in the case of flow past a wedge is exact.’? To simplify
the details of the present analysis but still bring out the
essential features of the problem we shall restrict our con-
siderations to constant density dusty hypersonic flow on
slender wedges and cones, and two-dimensional or axisym-
metric stagnation regions. Prior to crossing the shock wave
generated by the body the particle motion is assumed un-
affected by the presence of the body. Further, as noted earlier,
the mass rate of flow of the particles is sufficiently small com-
pared to that of the gas that the inviseid hypersonic solutions
are unaffected by the presence of the particles. At first, we
take the particles to be of uniform size, though this restrie-
tion will be dropped later and the consequences of a particle
size distribution examined.

To illustrate the method of solution we first consider the
flow past a slender symmetric wedge of half-angle 6, (see
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Fig. 3). The shock angle 6., on neglecting higher order terms
[see Eq. (4.1.10) of Ref. 12] is given by

8, ~ 6,/(1 — € (4.1)

with € = p./p the density ratio across the shock.
Abhead of the shock wave, denoted by the subscript zero,
the particle and fluid velocities are the same, so that

Uy = 1p = cosfy, = 1 4.2)
Vo =0 = —sinf, = — 8, (4.3)

Here u, U, and v, V are the velocity components with respect
to the x and y coordinates which are taken parallel and normal
to the wedge surface, respectively, with the leading edge as
origin (see Fig. 3). To the present order, behind the shock
wave the fluid velocity parallel to the surface remains un-
changed and equal to the freestream velocity, i.e.,

w=1 (4.4)

For the wedge, since the flow is everywhere parallel to the
surface,

v=20 (4.5)

In the shock layer the difference u — U is 0(ef,2) or smaller
so that throughout the layer

u=U=1 (4.6)

Since a particle is unaffected until it passes through the
shock we have from Eq. (4.4) the initial condition

V(zeys) = —0uatt =0 4.7

Here, z, and y, are reduced coordinates of a point P on the
shock wave (see Fig. 3), with the characteristic length L [see
Eq. (3.4)] taken to be the half-width of the base of the wedge.

As noted, of particular interest is the collection efficiency E.
This quantity is determined by the trajectory of that par-
ticle which at time ¢ = 0 is at the shock position X, and
which just strikes the base of the wedge at the position z =
1/6,. From the geometry of Fig. 3 and using Eq. (4.1), the
ratio of particles collected to those that would be collected
if they moved in straight line trajectories is given by

E: = X.0,/(1 —¢ ¢ =123) (4.8)

The subscript 7 denotes the collection efficiency correspond-
ing to the Reynolds number ranges of Eqgs. (2.3.).

We next introduce the inviseid wedge solution into the
equation of motion Eq. (3.5) to determine the component
equations governing the particle velocities and trajectories.
From Eqs. (4.5) and (4.6) the component equations of
motion are

U=1 (4.9)
K{dV/dt) = (—V)r—" (4.10)

With U = da/dt, Eq. (4.9) gives
- =1 (4.11)

fort = 0 at the shock. Using the initial condition Eq. (4.7)
and V = dy/dt, Eq. (4.10) can be integrated twice with the
following results:

Stokes flow (Re < 1)

V = —fe /K (4.12)
Y — y = Ki,(1 — ¢4y (4.13)
Intermediate law (1 < Re < 10?)
V = —0,[1 4 20,75/ Ky)t] =52 (4.14)
ys — ¥ = $K.0,%5{1 — [1 + 2(0,%5/K]~%2} (4.15)
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Cp constant (Re > 10%)
V = —(Ks8.)/(0ut + Ks) (4.16)
ys — ¥y = KsIn[l + (6./Ky)] (4.17)

The collection efficiency as defined through Eqg. (4.8) is
determined by eliminating ¢ in Egs. (4.13, 4.15, or 4.17)
(depending on the case) using Eq. (4.11) after having set
zs = X, and ¢ = 1/0,, with X, given by Eq. (4.8). Setting
ys = (6; — 8,) X, y = 0 and using Eq. (4.1) the following
expressions for the collection efficiency are found

_ K16, _1 - (1 - f)El]}
E, = . {1 exp[ K.

(Re < 1)

(4.18)

K5 1 — (1 — B,
R {1—[1+%——~—1§203/:) 2:| }

(1 < Re < 10%) (4.19)

=
[

Ky [1 + 1;(—17—6)—&“:] (Re > 10%) (4.20)

€ K3

V. Cone

The determination of the basic equations for the case of
the right circular cone parallels that for the wedge. The cone
half-angle is denoted by 6.. The relation between the shock
angle and body angle is the same as for the wedge with e
reduced by a factor of 3 (see Ref. 12, p. 227)

6, = 6./[1 — (¢/2)] (5.1)

Ahead of the shock wave, Eqgs. (4.2) and (4.3) still apply
with 6, replaced by #.. Behind the shock, within the con-
stant density approximation, the streamlines are hyperbolas
with the body surface as asymptote.!2 The velocity com-
ponent parallel to the surface is approximately constant with
z and equal to the freestream velocity so that, as for the
wedge, Eq. (4.6) holds throughout the shock layer. On the
other hand, the velocity component normal to the surface
varies linearly with y, i.e.,

v = —y/z (5.2)

The initial condition Eq. (4.7) is also the same as for the
wedge, with 8, replaced by f.. The collection efficiency is
readily shown to be given by (cf. Fig. 3)

Ei = [X.0,/(1 — §¢)]* (5.3)

Introducing the inviscid cone solution [Eqs. (4.6) and (5.2)]
into the equation of motion Eq. (3.5), the component dif-
ferential equations governing the particle trajectories reduce
to Eq. (4.9) and the second-order equation

K.(d2y/dx?) = <— 1;/: - dy/dx)zﬁni (5.4)

Here d/dt has been replaced by d/dx (since U = da/dt = 1).

In general, Eq. (5.4) must be solved numerically. For
convenience of solution the following change of variables is
introduced

_Z Y _ yxs3/2 _ l
£ = oM TR T ko TR, (5.5)

where z, is treated as a parameter. Equations (5.4) then
become

Bi(d*n/dE) = —dm/dE — n/¢ (5.6a)
d*no/dE? = (— dns/dE — 7/ E)* (5.6b)

d*ns/dE> = (— dns/d§ — m/§)* (5.6¢)
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Fig. 4 Wedge collection efficiency for intermediate law.

The initial conditions obtained from Eqgs. (4.7) and (5.1) are

1

R, o2& M

i = R; 1= e’ d Riatg=1 (5.7)
Here
Zs Z50c
B=% = ke (5:8)
—_ z, P2 o z0. \

B = 0”([(2) = (Kzeﬂ-‘”) (58)
R3 = xsﬁc/K,«, (5.80)

Equations (5.6) may be solved numerically] for a fixed
value of R; and e. This procedure was carried out and the
integration stopped when % = 0, i.e., when the particle strikes
the surface. The value of £ so determined enables the collec-
tion efficiency to be calculated from

Ei = [£1 — 39)]7 (5.9)

This relation follows from Eq. (5.3) with x = 1/6,. For this
case z; = X, so that knowing E; and R; enables the deter-
mination from Eq. (5.3) and Eqgs. (5.8) of the value of the
parameter upon which £; depends. In addition to ¢, the
parameter is seen to be K 6., K.0.%5, or K, respectively, for
1 =1,2 or3.

VI. Similitudes and Numerical Results for
Wedges and Cones

The parameters which, in general, determine the collection
efficiency of both wedges and cones are the strength of the
shock characterized by the density ratio ¢, the body angle
0. or 0., and the particle characteristics as specified by the
parameters K;. We note, however, in the relations for the
wedge collection efficiencies, Eqs. (4.18-4.20), that 6, enters
only in Eqgs. (4.18) and (4.19) and then only in the combina-
tion K:6, and K-6,%%, while in Eq. (4.20) K; appears by itself.
An exactly similar behavior was found for the cone, where
the collection efficiency was shown to depend, in addition to
¢, only upon K,8., K»0.%5 and K, respectively.

To illustrate the behavior of E; we have plotted in Fig. 4,
using Eq. (4.19), the intermediate law wedge collection effi-
ciency as a function of K»0,3® for different values of e. For
all Reynolds number ranges and for both wedges and cones

1 Equation (5.6a) is linear and can be integrated directly
while Eq. (5.6¢c) is reducible to an equation of first order. In
both cases, however, the collection efficiency still has to be de-
termined numerically. It was therefore found more convenient
to carry out the integration of all of Egs. (5.6) with the same
numerical procedure.
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the curves of E; are qualitatively similar and have the typical
relaxation form shown in Fig. 4. ‘

Although it is clear from the basic equations that there is
no exact similitude for E; which would also embody € it is
nevertheless apparent, e.g., from the results of Fig. 4, that
the curves for E; have a similar character for different values
of e. Using asa guide the asymptotic behavior of the solutions
for large and small values of K6, K2:0:%%, and K;, where 6,
may be either 8, or 8., the variation of E, with ¢ has been
found for both the wedge and cone to be empirically corre-
lated by the following parameters:

Stokes flow B1 = Kib/e (6.1)

Intermediate law Bs = K,%/5/e(1 T5m)/6m (6.2)

Cp constant Bs = K;/edtimim (6.3)

where m = 1 for the wedge and m = 2 for the cone. Thus
E: = E.B))

alone for all K;, 8, € and for wedge or cone flow.

In Figs. 5 and 6 are plotted for the wedge and cone, respec-
tively, the collection efficiency as a function of 8; for the three
Reynolds number ranges considered. Numerical calcula-
tions of E; were carried out for values of e in the range #5 <
€ < 4 and the correlation of these results by use of the param-
eters of Eqgs. (6.1-6.3) is sufficiently accurate that only a
single curve is shown for each of the three different drag law
ranges. It is clear from these curves that for both the wedge
and cone, when the value of the relaxation parameters 8; ~
0(1) that E; ~ 0(1). In other words, the parameters 8; are
the appropriate relaxation parameters which replace K; for
the particular cases of dusty hypersonic flow on slender
wedges and cones.

One interesting fact, which is not explained, is that for both
the wedge and cone the value of E; for all three drag laws is
the same for 8; = 0.6, though the value of E; at this point
is 509, greater for the cone than the wedge.

VIL. Stagnation Region of a Sphere and Cylinder

We next consider the flow in the stagnation region of a
cylinder and a sphere, with the approximation that the flow
is one of constant density. 'The coordinate system used is
shown in Fig. 7. Ahead of the shock wave, denoted by the
subseript zero, the particle and fluid velocities (all referred to
the freestream velocity u.,) are the same, so that

Uo = Uy = 0 (7.1)
Vo =19 = -1 (7.2)

where the x and y coordinates are taken along and normal to
the body surface with the stagnation point as origin. Here
u, v and U, V are the respective flow and particle velocities
as before. The characteristic length L = R,, the body radius.

F Stokes flow (i=1)
L KiGe
B=—¢

Intermediate law (i=2)

I

By= <5

M w s o N ® w O

T | bt i

B8

Fig. 5 Collection efficiency for wedge.
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Since the flow is hypersonic we may make the approximation
that behind the shock wave

V> up,U (7.3)

Therefore, the relative speed between the gas and particle is
simply the freestream velocity or

g=1 7.4)

In this case the component equations of motion for the
particle all have the same form, independent of the drag law,
1.e., Eq. (3.5) becomes

Ki@U/dt)y = u—U (7.5)
K,av/dt) = ~V (7.6)

The initial and boundary conditions are
U@sy,) =0,V =—1Ly= An,att =0 7.7)

Here, A, is the reduced stand-off distance of the shock wave
measured in body radii (A’./Rs, see Fig. 7) with the sub-
script m = 1 for the cylinder and m = 2 for the sphere.

Integrating Eq. (7.6) subject to the initial condition Eq.
(7.7) on V we find

V = —emt/Ki (7.8)

On applying the definition V = dy/df and integrating Eq.
(7.8) subject to the condition y = Anatt =0

A —y = Kl — e~ t/Ks) (7.9)

The condition y = 0 can clearly only be satisfied for values of
K;> An, ie., within the present approximation no particles
will strike the surface for K; < A,,.

The polar angle $mq. (see Fig. 7b) is defined as the angle
for which the local stagnation point solution may no longer
be applied (say, 15-20°) with %.. the corresponding length
of the arc DF. The stand-off distance A,. is small compared
with 1 and within the simple constant density theory the
shock is parallel to the body surface so that the arc AB on
the shock may be approximated by the arc DC on the body.
In this case, if B is the point at which a particle striking the
body at F enters the shock layer, and if we define AB =
CD = X,, the collection efficiency is simply given by

Ei = (X.y/xmax)m (7‘10)

where again m = 1 for the cylinder and m = 2 for the sphere.

We next solve Eq. (7.5) for the cases of the cylinder and
sphere by introducing the solutions for the flow velocity ob-
tained from the constant-density theory.

1. Cylinder

From Ref. 12, on neglecting terms of order higher than
e and e In(1/¢), the z component of the velocity is given by

u = (3¢)Y2 z cosh[(y/e)f(e)] (7.11a)

| Stokes flow {i=1)
_Ki8
B=—¢
Intermediate low (i=2)
3/5
B,= Kzgc
r 2 €|‘|
|_ C, constant (i=3)
K3
B?n_ €!25

T

e I R )
T

o bed

ca gl JEY
10
Bi

Fig. 6 Collection efficiency for cone.
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Fig. 7 Coordinates for stagnation region of a cylinder or
sphere: a) dimensional, b) dimensionless.

y

where
fle) = (1 — %e1n(4/3¢) — Z¢) (7.11b)
To consistant order the stand-off distance is
' 1 4
Ay = § eln ?; (7.12)

Using Eqgs. (7.9, 7.11, and 7.12) the z component of the
equation of motion Eq. (7.5) reduces to

@E L dE oy F 4
K; dt2+dt (3e)2£ cosh 21n 3

{{6_5(1 _e—t/Ki)] f(e)} =0 (7.13)

Here, £ has the same definition as in Eq. (5.5). Equation
(7.13) is solved numerically subject to the initial conditions
E=1landdf/dt =0att =0 (7.14)

The collection efficiency is obtained by stopping the integra-
tion at the time £ for which y = 0 [see Eq. (7.9)]. The value
of £mar = Twmaes/X. thus found determines from Eq. (7.10)
(with m = 1) the collection efficiency.

2, Sphere

From Ref. 12 the corresponding solution for the sphere is
given to 0(e*?) by

u = (301 — ez + (zy/e)g(e) (7.152)
where

gle) = 1 — F*e + 2e(5e)*

To consistent order the stand-off distance is

Ay = €[l — (36)1?] (7.16)

In a manner similar to that for the ecylinder, Eq. (7.5)
reduces to

g df [E <§ e
Kot 3 €\z¢) T

{1 _ K (1 — et/Ks) }g(e)] =0 (717)
€

(7.15b)

The initial conditions Eq. (7.14) apply in this case as well and
the integration is carried out in the same manner as for the
cylinder. Equation (7.10) with m = 2 defines the collection
efficiency.
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Fig. 8 Collection efficiency for stagnation region of cy=
linder or sphere.

Numerical integrations of Eqgs. (7.13) and (7.17) have been
carried out for 4 < € € 4. For K;— 0 care must be taken
in the integration since the problem is a singular one. How-
ever, as already pointed out, there is no solution for K; € A,,
though A, is a small quantity of 0(e) or O(e In 1/¢). We note
from Egs. (7.8) and (7.9) that for K; — A,, with y = 0,
that ¥V — 0. 1In this case Eq. (7.3) is no longer satisfied.
In any exact solution, therefore, we may expect finite but
asymptotically small values of E; even for K, less than An.

In Fig. 8 the collection efficiency has been plotted for both
the sphere and cylinder as a function of the relaxation param-
eter

Bi = Ki/An (7.18)

This parameter was found to very good approximation to
correlate in a single curve all of the numerical results for the
range of € considered. We note from this curve, for values
of the relaxation parameters K; slightly greater than A,
that there is a very sharp rise in the collection efficiency, with
the collection efficiency essentially becoming equal to unity
for all K; > A,. This contrasts with the much smoother
“transition”” for the cases of the wedge and cone. However,
the fact that again E; ~ 0(1) for 8; ~ 0(1), as with the wedge
and cone, indicates that the parameters 8; as defined are the
appropriate relaxation parameters for stagnation region dusty
hypersonic flows.

It may be expected that a more realistic flowfield solution,
including the effects of noncenstant density, ete., would not
strongly affect the result of Fig. 8, provided the stand-off
distance used is the one corresponding to the more accurate
flow field solution.

VIII. Distribution of Particle Size

In this section we treat the problem of determining how the
collection efficiency is altered if the cloud consists of a distri-
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Fig. 9 Wedge collection efficiency for a particle size dis-
tribution (Stokes flow).
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Fig. 10 Wedge collection efficiency for a particle size
distribution (intermediate law).

bution of particles of different sizes. We consider the par-
ticular particle size number distribution characterized by the
normal distribution function (Ref. 3, pp. 5 and f#.)

=t ([ e -1)

2(Ar/1)?
(8.1a)

o (FYAr .
s = () ()] o

Here (Ar/rg)? is the mean square deviation referred to the
particle radius 7 for which the distribution function has a
maximum. Data presented in Ref. 2 show that cloud droplet
and natural aerosol distributions are well represented by Eq.
(8.1a) and that Ar/rg never exceeds 0.3-0.5.

The mean collection efficiency in the case of a distribution
of sizes is defined by

B = fo ® B () dr (8.2)

and in presenting our results we have plotted this quantity
as a function of the similitude parameters 8; defined at the
point 7. The values of E; have been taken from the solutions
given previously for the case of uniform particle sizes. In so
doing we have implicitly assumed that all of the particles
which given an appreciable contribution to the integral Eq.
(8.2) obey the same drag law. This is justified by the fact
that the values of Ar/rg are relatively small thereby giving
rise to relatively steep distribution funetions.

In carrying out the numerical caleulations the integral
Eq. (8.2) has been replaced by the finite sum

fu(r) = Ax expl:"

where

b
E= Y Emnf® fﬁ (8.3)
r=a (1}
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Fig. 11 Cone collection efficiency for a particle size dis-
tribution (Stokes flow).



APRIL 1970

1O
1=
8

g, I
sk
50 K,82°
al- GLI
3
2+
=

_LLlll 1 IALLI 1 ] I‘IHI‘ i 1 lllJ_H‘ Il 11
0l 1 10 10

Bz

Fig. 12 Cone collection efficiency for a particle size dis-
tribution (intermediate law).

with 6r/re an appropriate step size. The limits of the sum
represent the points for which the contribution to E; be-
comes negligible. In carrying out the calculations in the
interval r to r -+ &r, for a given ro, rofrefx(r) was taken at the
point (r/rq + 16r/ry) and E; at the point corresponding to

B: _ (r  Lor\ltm
B~ (ro + 2ro> ®4)

which follows from the fact that 8 ~ K; ~ rt+n

Figures 9-12 present results for the mean collection effi-
ciency for the cases of the wedge and the cone, with Figs. 9
and 11 for a Stokes drag on the particles and Figs. 10 and 12
for the intermediate particle drag law. For the case of large
particle Reynolds numbers, where the constant drag coeffi-
cient law is valid, it was found that all of the curves for
Ar/ry £ 0.5 deviate from the curves for the uniform particle
size by less than 59,. For both the wedge and cone the ef-
fect of increasing Ar/ro is to spread out the “transition” re-
gion, a result to be expected. However, for the wedge the
spread is considerably less than for the cone and in fact for
B: < 0.6 the curves all fall closely to the uniform particle size
curve.

Figure 13 presents the mean collection efficiency for the
stagnation region of a eylinder or sphere for the Stokes drag
law. Unlike the results for the wedge and cone the curves
are considerably spread out with an increasing nonuniformity
in the particle size distribution. Results for the intermediate
law and Cp constant are not presented though they are much
less spread out than the Stokes flow case. This is due to the
effect of the exponent n; in Eq. (8.4). We note that for de-
creasing n; the region of the (£: 8;) curves taken into ac-
count in Eq. (8.3) decreases so that the collection efficiency
E; is more dependent on the local behavior of E; and therefore
closer to the uniform size value of the collection efficiency.

It should be pointed out that for the particle distribution
function used in all cases the mean collection efficiency E;
goes to zero for 8; = 0 only because fx > 0 as r - =, so
that for low but finite values of B;(ro) there is still a contribu-
tion from the large values of Bi. In practice, E; may be
taken to be zero for values of 8; at most one order of magni-
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Fig. 13 Cylinder or sphere stagnation region collection
efficiency for a particle size distribution (Stokes flow).

tude less than the values which give E; = 0. The reason for
this is that any actual distribution function?® will cut off at a
finite particle size so that the exponential “tail” is in fact
incorrect.

Finally, we note that for all cases where Ar/rq < 0.1, the
size variation has little effect and the mean collection effi-
ciency closely follows that for a uniform particle size.
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